Abstract. In this paper, we study exact null controllability of Hilfer fractional semilinear stochastic differential equations in Hilbert spaces. By using fractional calculus and fixed point approach, sufficient conditions of exact null controllability for such fractional systems are established. An example is given to show the application of our results.
INTRODUCTION
The stochastic differential equations arise in many mathematical models [5, 14, 18, 20] . The problem of controllability of nonlinear stochastic or deterministic system has been discussed in [3, 4, 6, 8, 9, 16, 19] .
Recently, basic theory of differential equations involving Caputo and RiemannLiouville fractional derivatives can be found in [1, 2, 13, [21] [22] [23] [24] [26] [27] [28] [29] [30] and the references cited therein. Beside Caputo and Riemann-Liouville fractional derivatives, there exists a new definition of fractional derivative introduced by Hilfer, which generalized the concept of Riemann-Liouville derivative and has many application in physics, for more details, see [10] [11] [12] 25] .
In this paper, we investigate the exact null controllability of Hilfer fractional semilinear stochastic differential equation of the form S.t /; t 0; on a separable Hilbert space H with inner product h:; :i and norm k : k. There exists a M 1 such that sup t 0 kS.t /k Ä M: The control function u. / is given in L 2 .J; U /, the Hilbert space of admissible control functions with U as a separable Hilbert space. The symbol B stands for a bounded linear operator from U into H . Here ! is an H -valued Wiener process associated with a positive, nuclear covariance operator Q; F is an H -valued map and G is a L.K; H /-valued map both defined on J H (where K is a real separable Hilbert space with norn k k K and L.K; H / is the space of all bounded, linear operators from K to H; we write simply L.H / if H D K) and h W C.J; H / ! H:
PRELIMINARIES
In this section, some definitions and results are given which will be used throughout this paper.
Definition 1 (see [15, 17] ). The fractional integral operator of order > 0 for a function f can be defined as
where . / is the Gamma function.
Definition 2 (see [11] ). The Hilfer fractional derivative of order 0 Ä Ä 1 and 0 < < 1 for a function f is defined by
Let .˝; ; P / be a complete probability space furnished with complete family of right continuous increasing sub -algebras f t W t 2 J g satisfying t : An Hvalued random variable is an -measurable function x.t / W˝! H and a collection of random variables « D fx.t; !/ W˝! H jt 2 J g is called a stochastic process. Usually we suppress the dependence on ! 2˝and write x.t / instead of x.t; !/ and x.t / W J ! H in the place of « . Letˇn.t / .n D 1; 2; :::/ be a sequence of real valued one-dimensional standard Brownian motions mutually independent over .˝; ; P /. Set
nˇn .t /e n ; t 0; where n ; .n D 1; 2; :::/ are nonnegative real numbers and fe n g .n D 1; 2; :::/ is a complete orthonormal basis in K: Let Q 2 L.K; K/ be an operator defined by Qe n D n e n with finite T r.Q/ D P 1 nD1 n < 1, (Tr denotes the trace of the operator). Then the above K-valued stochastic process !.t / is called Q-Wiener process.
We assume that t D f!.s/ W 0 Ä s Ä t g is the -algebra generated by !: 
Let C.J; L 2 .˝; H // be the Banach space of all continuous maps from J into L 2 .˝; H / satisfying the condition sup t 2J Ekx.t /k 2 < 1:
Obviously, Y is a Banach space. For x 2 H; we define two families of operators fS ; .t / W t 0g and fP .t / W t 0g by
where
is a function of Wright-type which satisfies
Lemma 1 (see [10] ). The operator S ; and P have the following properties.
(i) fP .t / W t > 0g is continuous in the uniform operator topology.
(ii) For any fixed t > 0; S ; .t / and P .t / are linear and bounded operators, and
(iii) fP .t / W t > 0g and fS ; .t / W t > 0g are strongly continuous.
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To study the exact null controllability of (1.1) we consider the fractional linear system
associated with the system (1.1). Define the operator By [7] , the system (2.1) is exactly null controllable if there exists > 0 such that
Lemma 2 (see [16] ). Suppose that the linear system (2.1) is exactly null controllable on J: Then the linear operator
is bounded and the control In this section, we formulate sufficient conditions for exact null controllability for the system (1.1). First, we give the definitions of mild solution and exact null controllability for it. To prove the main result, we need the following hypotheses: .H1/ The fractional linear system (2.1) is exactly null controllable on J: .H 2/ The function F W J H ! H is locally Lipschitz continuous, for all t 2 J; x; x 1 ; x 2 2 H; there exist constant c 1 > 0; such that
.H 3/ The function G W J H ! L.K; H / is locally Lipschitz continuous, for all t 2 J; x; x 1 ; x 2 2 H; there exist constant c 2 > 0; such that
.H 4/ The function h W C.J; H / ! H is continuous, for any x; x 1 ; x 2 2 C.J; H /; there exist constant c 3 > 0; such that
.c 1 C c 2 T r.Q// and It will be shown that the operator˚from Y into itself has a fixed point.
Step
Step 2. We show that˚maps Y into itself. From (3.2) and (3.3) for t 2 J; we have
Therefore˚maps Y into itself.
Step 3. We prove .˚x/.t / is continuous on J for any x 2 Y: Let 0 < t Ä b and > 0 be sufficiently small, then,
Clearly, from Lemma 1, .H 2/ and .H 3/, the right hand side of (3.4) tends to zero as ! 0: Hence, .˚x/.t / is continuous on J:
Step 4. We show that .˚x/.t / is a contraction on Y: Hence,˚is a contraction in Y via (3.1). From the Banach fixed point theorem,˚has a unique fixed point. Therefore the system (1.1) is exact null controllable on J:
AN EXAMPLE
Consider the following Hilfer fractional stochastic partial differential system 
